Let m be a Carmichael number and let L be the least common multiple of p − 1, where p runs over the prime factors of m. We determine all the Carmichael numbers m with a Fermat prime factor such that L = 2 α P 2 , where k ∈ N and P is an odd prime number. There are eleven such Carmichael numbers.
Introduction
Fermat's little theorem states that a prime number p divides a p − a for any a ∈ N. It would be interesting if prime numbers are the only integers (except for 1) having this property. Some composites m, however, satisfies a m ≡ a (mod m) for all integers a. Such a composite is called a Carmichael number. The smallest Carmichael number is 561 and it was found by Carmichael in 1910 [Car10] . Prior to Carmichael's discovery, Korselt [Kor99] had provided the following simple test for Carmichael numbers in 1899: (Korselt's criterion). A composite m is a Carmichael number if and only if m is squarefree and p − 1 divides m − 1 for all prime divisors p of m.
Let L = L m be the least common multiple of p i − 1, where m = p 1 · · · p n is the prime decomposition of a squarefree composite. Then Korselt's criterion can be rephrased as follows: m is a Carmichael number if and only if L | m − 1.
It is known that there are infinitely many Carmichael numbers. The result was proved by Alfred, Granville, and Pomerance in 1994 [AGP94] based on Erdős' heuristic argument [Erd56] . The idea is to construct an integer L ′ so that it is divisible by p − 1 for a large number of primes p. Then if the product m = p 1 · · · p k of some of these primes is congruent to 1 modulo L ′ , then m is a Carmichael number by Korselt's criterion since we have L m | L ′ | m − 1. [AGP94] showed that in fact there are infinitely many such L ′ and such products, hence the infinitude of Carmichael numbers follows. Wright noted that as L ′ contains a sizable number of prime factors, it is likely that L m corresponding to the Carmichael numbers m obtained in this manner contains many prime factors as well. This led him the study of Carmichael numbers with restricted L. Wright [Wri12] proved that there are no Carmichael numbers with L = 2 α and determined all the Carmichael numbers with L = 2 α P for some odd prime P under the assumption that the Fermat primes conjecture is true. Assuming that 3, 5, 17, 257, and 65537 are the only Fermat's primes, there are only eight Carmichael numbers with L = 2 α P , and P is one of 3, 5, 7 or 127. The prime factorizations of these numbers are given in [Wri12] .
In this article, we extend Wright's result to the next simplest case L = 2 α P 2 . Let m be a Carmichael number with L = 2 α P 2 . Then each prime factor of m is one of the primes of the form p = 2 k + 1, q = 2 l P + 1, or r = 2 s P 2 + 1. (We call these prime factors Type 1, Type 2, and Type 3 primes, respectively.) We assume that m is divisible by at least one of the known Fermat prime numbers. Under this assumption, we prove the following theorem.
Theorem 1.1. Let m be a Carmichael number with L = 2 α P 2 for some odd prime P . If m is divisible by one of the known Fermat primes, then m must be one of the following 11 Carmichael numbers. In particular, P is either 5 or 3.
In Section 2, we review a theorem (Theorem 2.1) that played an important role in [Wri12] and will be used extensively in this article as well. Suppose that n = 2 β x + 1 is an integer, where x is odd. Then we call the exponent β of 2 the 2-power of n. Theorem 2.1 proves that if a Carmichael number is expressed as the product of several odd integers, then there cannot be a unique smallest 2-power among these integers.
Several lemmas will be given in Section 3 that narrow down the number of possible primes P . In particular, we will see that a Carmichael number under our assumption must have at least two Fermat primes, and P is a divisor of R − 1, where R is the product of Fermat prime factors of m.
Section 4 provides a general procedure to obtain all Carmichael numbers for a given P . Theorem 4.1, which will be referred to as the minimality argument, implies the existence of some prime factor or a pair of prime factors of a Carmichael number with relatively small 2-power. As there are not so many possible such prime numbers or pairs, the procedure terminates and produces all Carmichael number for P , or proves that there are no Carmichael numbers for P .
By Theorem 2.1, at least two of the smallest 2-powers of Type 1, 2, and 3 primes must be the same. Hence there are three cases to consider according to which two 2-powers are the same.
The rest of the paper will be devoted to a careful scrutiny of Carmichael numbers in these three cases.
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General results on Carmichael numbers
Let m be a Carmichael number. Let L be the least common multiple of p − 1, where p runs over the prime factors of m. Korselt's criterion yields that L divides m − 1.
The following result is crucial, which is proved in [Wri12, Theorem 2.1]. For completeness, we give its proof. Proof. Seeking a contradiction, assume that α 1 < α 2 . Then we have
(2 α i D i + 1) ≡ 2 α 1 D 1 + 1 (mod 2 α 1 +1 ).
Since 2 α 1 +1 | L by assumption and L | m − 1 by Korselt's criterion, we obtain m ≡ 1 (mod 2 α 1 +1 ).
It follows that 2
However, this implies that D 1 is even, which contradicts that D 1 is odd. Thus, we have
Observe that Theorem 2.1 does not assume that each factor 2 α i D i + 1 to be prime.
Lemmas
In this section, we prove several lemmas that reduce the possible factors of a Carmichael numbers.
Let m be a Carmichael number. Let L be the least common multiple of p − 1, where p runs over the prime factors of m. In this paper, we assume that
where α ∈ N and P is an odd prime number. This implies that each of the prime factors of m is one of the followings:
We further assume that m has at least one Type 1 prime factor. From now on, we reserve the letters p, q, r (and the versions with subscripts p i , q i , r i ) for Type 1, 2, 3 primes, respectively. Similarly we reserve letters k, l, s for the exponent of 2 in these prime numbers.
When we deal with numbers of the form 2 α D + 1 with odd D, then we simply call α the 2-power. So for example, the 2-power of 41 = 2 8 · 5 + 1 is 8.
Lemma 3.1. Let P be an odd prime number. Suppose that 2 k + 1, 2 l P + 1, and 2 s P 2 + 1 are prime numbers. Then:
1. k is a power of 2.
2. If P ≡ 1 (mod 3), then l is even.
3. If P ≡ 2 (mod 3), then l is odd.
4. If P = 3, then s is even.
Proof. The first three statements are proved in [Wri12, Lemma 3.1].
Suppose that P = 3. Then we have P 2 ≡ 1 (mod 3). Then
In the next lemma, a Carmichael number m might or might not have Type 1 prime factors.
Lemma 3.2. Let m be a Carmichael number with L = 2 α P 2 . Suppose m = p 1 q 1 r 1 with k 1 = l 1 = s 1 . If P ≡ 1 (mod 3), then P ≡ 1 (mod 4).
where v i is a prime of Type 1, 2, or 3. Note that any Carmichael has three or more prime factors. Let β i be the 2-power of v i and suppose that 0 < β 1 = β 2 ≤ β 3 ≤ · · · . Observe that β 1 = β 2 here by Theorem 2.1. Note that since P ≡ 1 (mod 3), both l i and s i are even by Lemma 3.1. Hence k = 1, otherwise k 1 is the unique smallest power of 2 and this contradicts Theorem 2.1. So k i is even, and hence every β i is even. Let
where δ i = 0, 1, 2 depending on the type of v i . Then we have
Now seeking a contradiction, assume that P ≡ 1 (mod 4). Then we have
since β 1 is even. It follows that the 2-power of v 1 v 2 is β 1 + 1. Then consider the expression
If β 1 < β 3 , then β 3 ≥ β 1 + 2 as each β i is even. Thus 2 β 1 +2 |L and 2 β 1 +1 is the unique smallest power of 2 in the above expression of m. This contradicts Theorem 2.1. Hence β 3 = β 1 . Then we have v 1 v 2 v 3 = p 1 q 1 r 1 with k 1 = l 1 = s 1 , and by assumption that m = p 1 q 1 r 1 , there exists v 4 with β 4 ≥ β 1 + 2. Then in the expression
v 3 has the unique smallest power β 1 of 2, and 2
This contradicts Theorem 2.1. Hence we conclude that P ≡ 1 (mod 4).
3.1 Fermat primes and the prime P Lemma 3.3. Let m be a Carmichael number with L = 2 α P 2 . Let p 1 , . . . , p n be the Type 1 prime divisors of m. Then
Proof. By Korselt's criterion, we have P | L | m − 1. It follows that
since Type 2 and Type 3 primes are congruent to 1 modulo P .
Corollary 3.4. Let m be a Carmichael number with L = 2 α P 2 . Assume that m has a Type 1 (Fermat) prime factor. Then m has at least two distinct Fermat prime factors.
Proof. If there is a unique Type 1 divisor p 1 = 2 k 1 + 1 of m, then Lemma 3.3 yields that
Thus P | 2 k 1 and this is impossible because P is an odd prime.
For the rest of the paper, we assume that m is a Carmichael number with L = 2 α P 2 and m has a Type 1 factor. Also we restrict Type 1 factors to be known Fermat's primes: p i = 3, 5, 17, 257, 65537. By Lemma 3.3 and Corollary 3.4, the prime P appears in the prime factorization of R − 1, where R is the product of two or more known Fermat's primes. 
Cases
, and s 1 < s 2 < · · · < s n 3 be a Carmichael number with L = 2 α P 2 . We are assuming n 1 ≥ 1. By Theorem 2.1, there cannot be a unique smallest 2-powers. Thus, there are three cases to consider. 
Procedure
We explain the procedure to find all Carmichael numbers for a given P . In the sequel, we use the letter x to denote an odd number but its actual value could be different in each occurrence. For example, we write 5 · 13 = (2x + 1)(2 2 x + 1) = 2 6 x + 1.
In this case, the actual values are x = 2, 3, 1 in this order. Let us fix P . Then each of Case A, B, C, we start with two prime numbers with minimal 2-power together with Type 1 primes that give P .
Step 1 We multiply some or all of these known factors and write it as (2 a 1 x+1) · · · (2 an x+1), with a 1 < a 2 ≤ a 3 ≤ · · · ≤ a n . It is possible that we have only one term. Then a Carmichael number is of the form
where v i are primes of Type 1, 2, 3, or the product could be empty. If the product is empty, then m = (2 a 1 x + 1) · · · (2 an x + 1) is a Carmichael number, otherwise there is no Carmichael number for this P .
Step 2 (The minimality argument) If the 2-powers of every v i is greater than a 1 , then a 1 is the unique smallest 2-power. This is prohibited by Theorem 2.1. Thus, there must be v i of the 2-power less than or equal to a 1 . Since there cannot be a unique smallest 2-power, we have two cases to consider. The first case is that there is a pair, say, (v 1 , v 2 ) and the 2-power of v 1 , v 2 are the same, say a, and a < a 1 . (We call such a pair a-pair.) The second case is that the 2-power of v 1 is a 1 , we call such a prime number a 1 -prime.
In either case, there are finitely many possible cases.
Step 3 We multiply some or all of the factors we obtained in Step 1. Then we have
where v i can be a prime of Type 1, 2, 3 that did not appear in Step 1 (recall that every Carmichael number is squarefree), or the product v i could be empty.
We repeat Step 2 and 3 until there is no possible pair (v i , v i+1 ) or v j in Step 2.
To narrow down the number of possible prime factors of a Carmichael number in the procedure, the following theorem will be useful. The theorem is true for any Carmichael numbers without any restrictions. 
, where x, x 1 , . . . , x f are odd integers and v i is a prime factor of m. Let β i be the 2-power
Proof.
1. Since b < a, we have 2 b+1 | 2 a | L. It follows from Theorem 2.1 that b cannot be the unique smallest 2-power. Thus, we have the following possibilities: b = β 1 , β 1 = β 2 = b, or β 1 = β 2 < b by Theorem 2.1. The first two cases yield that v 1 is a b-prime. The third case implies that (v 1 , v 2 ) is a β 1 -pair and β 1 < b.
2. Assume that β 1 > b. Then we have 2 b+1 | 2 β 1 | L. This implies that b is the unique smallest 2-power, which contradicts Theorem 2.1. Thus we have β 1 ≤ b.
Note that the product g i=2 v i cannot be empty, otherwise β 1 is the unique smallest 2-power and this contradicts Theorem 2.1.
Since the product is nonempty, we can apply part (1) with β 1 instead of b. Thus either v 2 is a β 1 -prime or (v 2 , v 3 ) is a β 2 -pair with β 2 < β 1 . But the latter case never happen as β 1 ≤ β 2 . Hence (v 1 , v 2 ) is a β 1 -pair, with β 1 < a.
5 Case A:
We classify Carmichael numbers with k 1 = l 1 ≤ s 1 in this section. We reduce the number of the possible P from Table 1 by removing those (P, k 1 ) such that 2 k 1 P + 1 are not prime. This procedure is done in [Wri12,  leads two additional pairs (P, k 1 ) = (11, 1), (41, 1) to consider. Also we need to consider pairs (13, 4), (13, 8) because of the lack of [Wri12, Theorem 3.2]. However, the latter two pairs can be eliminated as follows. Since 13 ≡ 1 (mod 12), by Lemma 3.2, we must have m = p 1 q 1 r 1 with k 1 = l 1 = s 1 . For the pair (13, 4), the number 2 4 · 13 + 1 = 11 · 19 is not prime, and for the pair (13, 8) the number 2 8 · 13 2 + 1 = 5 · 17 · 509 is not prime. Hence these pairs do not produce a Carmichael number. Table 2 lists possible candidates for P . Note that 11 is removed from 5 * 17 * 257 * 65537 since k 1 = l 1 is odd as 11 ≡ 2 (mod 3).
Thus the possible primes are P = 3, 5, 7, 11, 41, 43, 127, 19661.
In the sequel, we actually prove that none of these produces a Carmichael number except for P = 3, 5.
The impossible case: P = 43
As in [Wri12] , let us start with 43. We prove that there is no Carmichael number with P = 43. This case illustrates the procedure explained in Section 4. Let m be a Carmichael number with L = 2 α · 43 2 . Since P = 43, the product of Type 1 primes must be 5 · 17 · 257 and from Table 2 .
Since k 1 = l 1 = 2 (recall we are dealing with Case A), we have
where u i is either Type 2 or Type 3 prime (and there must be at least one Type 3 prime.) Then we have
Since 2 8 | L, the product cannot be empty, otherwise 4 is the unique smallest 2-power. Thus, we have two cases: There exists a pair (u 1 , u 2 ) of Type 2 and Type 3 primes with 2-power less than 4 (we call such a pair n-pair with n < 4), or there exists u 1 of Type 2 or Type 3 with 2-power 4 (we call such a prime 4-prime). Since k 1 = l 1 = 2 is used already, the 2-power of a pair must be greater than 2 and less than 4. Thus the 2-power of a pair must be 3. However, since 43 ≡ 1 (mod 3), we know l i is even by Lemma 3.1. So there is no such pair.
Note that the numbers 
The impossible case: P = 19661
Let us next consider the case P = 19661. From Table 2 , the product of Type 1 primes is 3 · 65537 and k 1 = 1. Since k 1 = l 1 = 1, we have q 1 = 2 · 19661 + 1 = 39323. Let
where u i is a prime of Type 2 or Type 3. Note that 2 16 | L, and P ≡ 2 (mod 3), hence l i is odd by Lemma 3.1. We have
This implies that there exists a pair (u 1 , u 2 ) of Type 2 and 3 with 2-power between k 1 = l 1 < 2 and 3, or there exists 4-prime of Type 2 or 3. Since l i is odd, the 2-power of such a pair must be 3, and 4-prime must be Type 3. Note that the numbers 
The impossible case: P = 41
If P = 41, then the product of Type 1 primes is 3 · 5 · 257 from Table 2 and
where u i is a prime of Type 2 or Type 3. Then we have
Since s i is even (Lemma 3.1), no smaller 2-power pair (u 1 , u 2 ). Since l i is odd, the only candidate for 2-prime is the Type 3 2-prime. However, the number
is not prime. Hence we have:
Theorem 5.3. If P = 41, then there is no Carmichael number for Case A.
The impossible case: P = 11
When P = 11, the product of Type 1 primes is 3 · 257 from Table 2 . Then we have k 1 = l 1 = 1, and thus q 1 = 2 · 11 + 1 = 23. Using i≥ u i as in the previous cases, we have
Since s 1 is even by Lemma 3.1, there is no 1-prime among u i . Thus, 2 1 is the unique smallest power and 2 8 | L, we conclude that m cannot be a Carmichael number in this case. So we have:
Theorem 5.4. If P = 11, then there is no Carmichael number for Case A.
6 The impossible case: P = 7
We still assume k 1 = l 1 (Case A) and prove that there is no Carmichael number with P = 7. From Table 2 , there are three possibilities for the Type 1 primes:
In any case, k 1 = l 1 = 2, and thus q 1 = 2 2 · 7 + 1 = 29. Let us first deal with the case when 17 divides m.
6.1 Case 1: 17 divides m.
where v i is a prime of Type 1, 2, or 3. The only possible Type 1 primes for v i are 257 and 65537. Then we have
Note that 2 4 | L. By the minimality argument (Theorem 4.1), either we must have an n-pair (v 1 , v 2 ) with n < 4, or an n-prime with n = 4, 5. Table 3 lists data of the numbers of the form 2 l · 7 + 1, 2 s · 7 2 + 1, and 2 k + 1. Note that since 7 ≡ 1 (mod 3), both l i , s i are even by Lemma 3.1. From the table, we see that there is no such a pair. As 17 is already used, we have a unique 4-prime: 113.
Hence we have
Since the product still must contain a Type 3 prime, it is not empty. By the minimality argument, there must be an n-pair with n < 4 or 4-prime, but this is impossible from Table 3 as there is no more 4-primes. 6.2 Case 2: 17 does not divide m.
Suppose that m is not divisible by 17. Namely, the case when the type 1 combination is 5 · 65537. Then we have k 1 = l 1 = 2, and q 1 = 2 2 · 7 + 1 = 29. Let
where u i is a prime of Type 2 or 3. We have 2
From Table 3 , we see that there is no pair of u i of 2-power smaller than 4. The only 4-prime u 1 is q 2 = 113 with l 2 = 4 (as we assume 17 ∤ m). Since 5 · 29 · 113 = 2 14 + 1, we have
By the minimality argument, we must have either a pair (u 2 , u 3 ) of Type 2 and 3 with 2-power between 5 and 13, or a 14-prime. From Table 3 , we see that (449, 3137) is 6-pair and 114689 is a 14-prime.
6.2.1 Subcase 1: (u 2 , u 3 ) = (449, 3137)
If (u 2 , u 3 ) = (449, 3137), then we have
If the product is empty, then 2 9 is the unique smallest power of 2, and this contradicts Theorem 2.1. Thus the product is nonempty. Since there is no 9-prime, and there is no n-pair for 7 ≤ n ≤ 8 from Table 3 , this case does not happen.
Subcase 2:
If u 2 = q 3 = 114689, then we have
Note that the product is not empty since it contains a Type 3 prime. There is no 16-prime from Table 3 . The only n-pair is (449, 3137) with n < 16 but we dealt with this case in Subcase 1. Thus, there is no Carmichael numbers for Case 2 as well. This completes the proof of:
Theorem 6.1. If P = 7, then there is no Carmichael number for Case A.
7 The impossible case: P = 127
Next, we prove that there is no Carmichael number when P = 127 for k 1 = l 1 ≤ s 1 (Case A). From Table 2 , there is only one Type 1 combination: 5 · 17 · 257 with k 1 = l 1 = 2. So we have q 1 = 2 2 · 127 + 1 = 509. Let
where u i is a prime of Type 2 or Type 3. We have 2 8 | L. Then we have
Since P = 127 ≡ 1 (mod 3), we know that l i , s i are even. Since the product contains a Type 3 prime, it is not empty. By the minimality argument (Theorem 4.1), there is an 
n-pair with n < 8 or an n-prime with n = 8, 9. From Table 4 , we see that there is no such an n-pair or an n-prime. Thus, m cannot be a Carmichael number.
(We remark that the first two values of n for which 2 n ·127 2 +1 is prime are n = 42, 98.) Thus we obtain: Theorem 7.1. If P = 127, then there is no Carmichael number for Case A.
8 Case: P = 5
The combinations of Type 1 primes for P = 5 are the following three from Table 2. 3 · 17, 3 · 257, 3 · 65537.
So in any case, we have k 1 = l 1 = 1, and hence q 1 = 2 · 5 + 1 = 11. Since P = 5 ≡ 2 (mod 3), we know that l i is odd and s i is even. In all cases, we have 2
where each v i is a prime of Type 1, 2, or 3. If v i is a Type 1 prime, then it must be one of 17, 257, 65537, and the other v j is not Type 1. As 2 4 | L, by the minimality argument (Theorem 4.1), there must be an n-pair n < 4 or an n-prime for n = 4, 5. From Table 5 , there is no such an n-pair or 5-prime. There are two 4-primes: 401 and 17. If the product is empty, then m is not a Carmichael number since 5 ∤ m − 1. By the minimality argument, there must be the other 4-prime 17. So we have
If the product is empty, then m is not a Carmichael since 5 2 ∤ m − 1. There is no n-pairs for n < 4 and there is no n-prime with n = 4, 5. We have a unique 6-prime: 1601. So we have
If the product is empty, then m is not a Carmichael as 5 2 ∤ m − 1. By the minimality argument, we must have n-prime with n = 5, 6, 7, 8. The only possible case is a 7-prime: 641. We have
If the product is empty, then
is a Carmichael number since L = 2 7 · 5 2 divides m − 1 = 2 7 · 5 2 · 53 · 72145063. In fact, the product must be empty since we used all n-pairs with n < 4 and n-primes for 4 ≤ n ≤ 7.
8.2 Case 2: p 2 = 17.
Let us now consider the case p 2 = 17. Then we have
Since there is no possible pair, we must have the other 4-prime: 401. Hence this case reduces to the previous case. This proves: 9 Case: P = 3
In this section, we consider the case A (k 1 = l 1 ≤ s 1 ) with P = 3. From Table 2 , there are four combinations of Type 1 primes for P = 3:
In any case, we have k 1 = l 1 = 2, and thus q 1 = 2 2 · 3 + 1 = 13. We also have 2
Recall that since P = 3, the exponents l i , s i cannot be restricted by their parities.
We first deals with 5 · 17 and 5 · 17 · 257 · 65537 together, and we consider the rest two cases individually. where each v i is a prime of Type 1, 2, or 3. After removing the used primes from Table 6 , we see that there is no n-pair with n < 4. Also, since 17 is already used, there is no 4-prime. Thus, in this case there is no Carmichael number.
Case 2: Type 1 combination is 5 · 257
We next consider the case when the Type 1 combination is 5 · 257. Let
where each u i is a prime of Type 2 or 3. We have 2 8 | L. By the minimality argument, we must have an n-pair with n < 6 or a 6-prime. From Table 6 , we find that there is no n-pair with n < 6. There are two 6-primes: 193 and 577. Suppose that q 2 = 193 with l 2 = 6. Then we have
The product contains a Type 3 prime, so it is not empty. By the minimality argument, there is either an n-pair n < 8 or a 8-or 9-prime. According to Table 6 , there we only have the 8-prime 769. Then
As the product contains a Type 3 prime, it is not empty. Then there must be an n-pair with n < 8 or an 8-prime by the minimality argument. However, there is no such a pair or 8-prime. Hence q 2 = 193.
Subcase 2: r 1 = 577
Suppose that r 1 = 577 with s 1 = 6. Then we have
It follows from the minimality arguments that we must have a 7-prime as there is no n-pair n < 7. Thus we have r 2 = 1153 with s 2 = 7, and
If the product i≥3 u i = 1, then
is a Carmichael number since L = 2 8 · 3 2 divides m − 1 = 2 11 · 3 2 · 602947. If the product is nonempty, then there is an n-prime with n = 7, 8, 9, 10, 11. From Table 6 , there are two cases to consider: 8-prime 769 and 11-prime 18433. The product must be empty otherwise the minimality argument require more n-pairs with n < 8 or 8-primes, but we used all relevant primes from Table 6 . If the product is empty, then m is not a Carmichael number as 3 2 ∤ m − 1.
9.2.2.2 Subsubcase 2: r 3 = 18433. Next, suppose that r 3 = 18433 with s 3 = 11. Then
is a Carmichael number since L = 2 11 · 3 2 divides m − 1 = 2 13 · 3 2 · 11 · 29 · 8710127. Suppose the product is nonempty. Since 2 11 | L, there is an n-prime with n = 11, 12, 13. This yields the 12-prime 12289 and we have
Case 3: Type 1 combination is 5 · 65537
Finally, we consider the case when the Type 1 combination is 5 · 65537. We have q 1 = 2 2 · 3 + 1 = 13. Let
where each u i is a prime of Type 2 or 3. We have 2 16 | L. By the minimality argument, the product i≥1 u i must contain either an n-pair with n < 5 or a 6-prime. We see from Table 6 that there is no such pair. There are two 6-primes: 193 and 577. Now we consider these two cases individually.
Subcase 1: q 2 = 193
Let us consider the case q 2 = 193 with l 2 = 6. Then we have
As there is no n-pair with n < 7, we must have a 8-prime: q 3 = 769 with l 3 = 8. Then we have
As the product contains a Type 3 prime, it is nonempty. Since there is no n-pair with n < 10 and there is no 10-prime for i≥3 u i , this case does not happen.
Subcase
Since 2 16 | L, the product i≥2 u i = 1, otherwise 7 is the unique minimal power of 2. By the minimality argument with Table 6 Again the minimality argument implies that there is a 8-prime. So q 2 = 769 with l 2 = 8, and we have
Since there is no n-pair with n < 8 and there is no 9-prime from Table 6 , the product i≥4 u i = 1. But then 2 9 is the unique smallest power of 2, which contradicts Theorem 2.1. Hence m is not a Carmichael number in this case.
In conclusion, we obtain: This exhausts all the possible P = 3, 5, 7, 11, 41, 43, 127, 19661, and we complete the classification of Carmichael numbers for Case A (k 1 = l 1 ≤ s 1 ).
10 Case B: k 1 = s 1 < l 1
We next consider Case B. We assume that k 1 = s 1 < l 1 .
The first step is to reduce the number of possible (P, k 1 ) from Table 1 . We remove those (P, k 1 ) such that 2 k 1 P 2 + 1 is not prime. Note that s 1 is even if P = 3 by Lemma 3.1. Thus, we remove all (P, 1) from Table 1 .
We list the prime factorizations of 2 k 1 P 2 + 1 for (P, k 1 ) with k 1 ≥ 2 in Table 7 . The only possible pairs are (P, k 1 ) = (3, 2), (7, 2), (47, 2), (29, 4).
We list all the possible pairs (P, k 1 ) together with combinations of Type 1 primes in Table  8 . Table 8 : The possible pairs (P, k 1 ) for Case B Combination of Type 1 primes (P, k 1 ) 5 · 17 (3, 2), (7, 2) 5 · 257 (3, 2) 5 · 65537 (3, 2), (7, 2), (47, 2) 5 · 17 · 257 · 65537 (3, 2), (7, 2) 17 · 257 · 65537 (29, 4)
11 The impossible case: P = 29
Let us consider the case P = 29. We see from 
Since 2 16 | L, the product cannot be empty by the minimality argument. It follows from P = 29 ≡ 2 (mod 3) that l i is odd and s i is even. Since the parities of l i and s i are distinct, there is no n-pair for any n. Since 2 16 | L, by the minimality argument, there is a 5-prime (and it must be a Type 2 prime). Thus we have q 1 = 2 5 · 29 + 1 = 929 with l 1 = 5. Then we have
Again since 2 16 | L, the product is not empty. Since 6 is even, the only possible 6-prime is of Type 3. However, the number 2 6 · 29 2 + 1 = 5 2 · 2153 is composite. Thus we have:
Theorem 11.1. If P = 29, then there is no Carmichael number for Case B.
The impossible case: P = 47
We now consider the case P = 47. From Table 8 , the Type 1 combination is 5 · 65537. So k 1 = s 1 = 2, and r 1 = 2 2 · 47 2 + 1 = 8837. Let
where u i is a Type 2 or 3 prime, or the product i≥1 u i could be empty. Since 2 16 | L, the product cannot be empty by the minimality argument. Since P = 47 ≡ 2 (mod 3), we know that l i is odd and s i is even. Hence there is no n-pair. The only possible 3-prime is of Type 2 but 2 3 · 47 + 1 = 13 · 29 is composite. This proves:
Theorem 12.1. If P = 47, then there is no Carmichael number for Case B.
13 The impossible case: P = 7
We next deal with the case P = 7 in Case B. The combinations of Type 1 primes for P = 7 are 5 · 17, 5 · 65537, 5 · 17 · 257 · 65537.
We have k 1 = s 1 = 2, and thus r 1 = 2 2 · 7 2 + 1 = 197. Note that p 2 = 2 k 2 + 1 with k 2 ≥ 4 in all cases. We have 2
where v i is a prime of Type 1, 2, or 3, or the product could be empty. Since 2 4 | L, there must be an n-pair with n < 3 or 3-prime otherwise 3 is the unique 2-power. Since P = 7 ≡ 1 (mod 3), we know l i , s i are even. Thus, there is no 3-prime. Since we already used 2-primes p 1 , r 1 with k 1 = s 1 = 2, there is no 2-pair. This proves:
Theorem 13.1. If P = 7, then there is no Carmichael number for Case B.
14 Case: P = 3 for Case B
The last possible P for Case B is P = 3. It follows from Table 8 In all cases, we have k 1 = s 1 = 2, k 2 ≥ 4, and thus r 1 = 2 2 · 3 2 + 1 = 37 and 2 4 | L.
Case 1: 17 | m
Let us fist consider the case when 17 | m. Let
where v i is a prime of Type 1, 2, or 3. By the minimality argument, the product cannot be empty and there is an n-pair n < 4 or a 3-prime. From Table 6 , we see there is no such a pair and the only 3-prime is 73. Then we have
Since there is no 4-primes and possible n-pairs, the product must be empty. But if the product is empty, then m is not a Carmichael number as 3 2 does not divide m − 1.
Case 2: The Type 1 combination is 5 · 257
We next consider the case when the Type 1 combination is 5 · 257. Then
where u i is a prime of Type 2, or 3. Note that 2 8 | L. By the minimality argument, we have the 3-prime 73. So
If the product is empty, then m is not a Carmichael number as 3 2 does not divide m − 1. If the product is nonempty, then since there is no n-pair n < 6, there must be a 6-prime. There are two 6-primes from 
If the product is empty, then m is not a Carmichael number as 2 8 | L but 2 8 does not divide m − 1. By the minimality argument, there is a 7-prime as no possible n-pairs. The unique 7-prime is 1153. So we have
is a Carmichael number since L = 2 8 · 3 2 divides m − 1 = 2 8 · 3 3 · 11 · 10158227. If the product is nonempty, then there must be a 8-prime, which is 769. Then
As there is no 9-primes or possible n-pairs, the product must be empty. Then m is not a Carmichael number as 3 2 ∤ m − 1.
Subcase 2: r 3 = 577
Suppose now that r 3 = 577. Then
If the product is empty, then m is not a Carmichael number as 3 2 ∤ m − 1. If the product is nonempty, then by the minimality argument, there is an n-pair with n < 8 or an nprime with n = 8, 9, 10, 11. There is no possible pairs. We have the 8-prime 769 and the 11-prime 18433. 14.2.2.2 Subsubcase 2: 11-prime 18433 Next, suppose that 18433 is a divisor of m. Then
If the product is empty, then m is not a Carmichael number as 3 2 ∤ m − 1. If the product is nonempty, then the minimality argument yields that there is a n-prime with n = 8, 9, 10, 11, 12. From Table 6 , we have the 8-prime 769 and the 12-prime 12289.
14.2.2.2.1 Subsubsubcase 2-1: 8-prime 769 Suppose that 769 | m. Then
If the product is empty, then m is not a Carmichael number as 2 11 | L but 2 11 ∤ m − 1. But since 2 11 | L and there is no 8-prime or possible pairs, the product must be empty. Suppose the product is nonempty. Then since 2 12 | L, by the minimality argument, there must be an n-pair with n < 11 or 12-prime or 13-prime. Table 6 shows that this is not the case.
Subsubsubcase
14.3 Case 3: The Type 1 combination is 5 · 65537
The last case for P = 3 in Case B is when the Type 1 combination is 5 · 65537. Then
where u i is a prime of Type 2 or 3. Note that 2 16 | L. By the minimality argument, the product cannot be empty, and there must be a 3-prime. The only 3-prime is 73. Then
Again, the product cannot be empty, and there must be a 6-prime. There are two 6-primes: 193 and 577.
14.3.1 Subcase 1: 6-prime is 193
Suppose that 193 | m. Then we have
Furthermore, the product cannot be empty, and there must be a 7-prime. The only 7-prime is 1153 and we have
And again, by the minimality argument the product is not empty, but there is no 9-prime or admissible pairs.
Subcase 1: 6-prime is 577
Suppose next that 577 | m. Then we have
By the minimality argument, the product is not empty and the 8-prime 769 divides m. Then
The product cannot be empty otherwise 2 9 is the unique smallest power of 2. However, there is no 9-prime or admissible pairs so the product must be empty. Hence there is no Carmichael number in this case.
In summary, we obtain: 
α P 2 as before. In this section, we consider Case C: l 1 = s 1 < k 1 .
Note that 1 ≤ l 1 < k 2 . From Table 1 , the possible values for k 1 are 2, 4, 8.
16 Case 1:
Consider the case k 1 = 2. Then we must have l 1 = s 1 = 1. By Lemma 3.1, this yields that P = 3 as s 1 is odd. Then we have q 1 = 2 · 3 + 1 = 7 and r 1 = 2 · 3 2 + 1 = 19. From Table 1 , the Type 1 combinations for P = 3 with k 1 = 2 are
In all cases, we have 2
where v i is a prime of Type 1, 2, or 3, or it could be empty. As 2 4 | L, by the minimality argument (Theorem 4.1) there must be a 2-pair of a 3-prime in i≥1 v i . We see from Table 6 that (13, 37) is the only 2-pair and 73 is the only 3-prime.
16.1 Subcase 1: the 2-pair (13, 37)
Suppose that m has the 2-pair (13, 37). Then
By the minimality argument, m has the 3-prime 73. Then
Note that we have used all possible primes with 2-power less than 4 (See Table 6 ) and 17 is the unique 4-prime. Thus 17 ∤ m, otherwise 2 4 is the unique smallest power of 2. It follows that 2 8 | L. Hence by the minimality argument, there is either an n-pair with n < 7 or a 7-prime. Thus, there are two cases: the 6-pair (193, 577) and the 7-prime 1153.
16.1.1 Subsubcase 1: the 6-pair (193, 577) Suppose that m has the 6-pair (193, 577). Then we have
As 2 8 | L, the minimality arguments yields that m has the 7-prime 1153. Then
If the product i≥6 v i = 1, then m is not a Carmichael number because 3 2 ∤ m − 1. Thus the product is nonempty. As there is no more admissible pairs, there must be a 8-prime. There are two 8-primes: 257 and 769 16.1.1.1 Subsubsubcase 1: the 8-prime: 257 Suppose that 257 | m. Then we have
If the product is nonempty, then there is an n-prime with n = 8, 9, 10, 11 as there is no admissible pairs. So m has the 8-prime 769, and then
Since there is no more admissible pair or 8-prime, the product is empty, but then m is not a Carmichael number as 3 2 ∤ m − 1.
16.1.1.2 Subsubsubcase 2: the 8-prime: 769 Next, suppose that 769 | m. Then
If the product is empty, then m is not a Carmichael number as 3 ∤ m − 1. Then by the minimality argument, there is a 8-or 9-prime. Since there is no 9-prime, m must have the 8-prime 257. Then this case reduces to the previous case.
Subsubcase 2: the 7-prime 1153
Now suppose that r 4 = 1153 | m. Then
Since 2 8 | L, by the minimality argument, there is an n-prime with 8 ≤ n ≤ 12. Those are: 8-primes 769, 257, the 11-prime 18433, the 12-prime 12289 from Table 6 .
Subsubsubcase
If the product is empty, then m is not a Carmichael number as 3 ∤ m − 1. Thus it has the 8-prime 257, and then
The product must be empty since there is no n-prime for n = 8, 9, 10. Then
is a Carmichael number since L = 2 8 · 3 2 divides m − 1.
Subsubsubcase 2: the 8-prime 257 When 257
If the product is empty, then m is not a Carmichael number as 3 2 ∤ m − 1. Thus m has the 8-prime 769, and this case reduces to the previous case. 
Since 2 12 | L, there is an n-prime with n = 12, 13, 14. From Table 6 , such a prime must be the 14-prime 147457. Then
and 2 14 | L. Since there is no 14-prime and 15-prime, the product must be empty. But then m is not a Carmichael number as 3 ∤ m − 1.
Subcase 2: the 3-prime 73
Next, we consider the case r 2 = 73 with s 2 = 3. Then
Since 2 4 | L, by the minimality argument, there is an n-prime with n = 4, 5. From Table  6 , there are the 4-prime 17 and 5-prime 97.
Subsubcase 1: the 4-prime 17
When 17 | m, we have
Since there is no more 4-prime, the product is empty. Then
is a Carmichael number since L = 2 4 · 3 2 divides m − 1.
Subsubcase 2: the 5-prime 97
When 97 | m, we have
If the product is empty, then m is not a Carmichael number as 3 ∤ m − 1. Since 2 5 | L, by the minimality argument, there is an n-prime with n = 5, 6, 7, 8. From Table 6 , there are five possible such prime numbers: 6-primes 193, 577, the 7-prime 1153, and 8-primes 769, 257. We consider these cases individually below.
Convention: We use x for an odd number such that 2 a x + 1 is not a Carmichael number. Our convention is that x is an odd number and 2 6 x + 1 is not a Carmichael number. By the minimality argument, there must be the 6-prime 577. Then
Since 2 6 | L, the possible values for v 6 are the 7-prime 1153 and 8-primes 769, 257.
16.2.2.1.1 When 1153 | m , we have
There is no more 7-prime. No Carmichael number exists in this case.
When 769 | m , we have
There is an n-prime with n = 8, 9, 10, 11, 12. From Table 6 , these are the 8-prime 257, the 11-prime 18433, and the 12-prime 12289. 4.
Note that 2 12 | L. So there is an n-prime with n = 12, 13, 14. Table 6 gives the 14-prime 147457. Then combining this number yields
Since 2 14 | L, there is an n-prime with n = 14, 15, 16. Table 6 gives the 16-prime 65537. Then including this factor, we have
Since 2 16 | L, we must have the 17-prime 1179649. This gives
Furthermore, m is divisible by the 18-prime 786433. Then m is
Since there is no more n-prime for 18 ≤ n ≤ 23, the product must be empty. Then
is a Carmichael number since L = 2 18 · 3 2 divides m − 1.
When 257 | m , we have
Since 2 8 | L, there is an n-prime with n = 8, 9. As there is no 9-prime in Table 6 , we have the 8-prime 769. Combining 769, we have m = (2 8 x + 1)
As there is no more 8-prime, no Carmichael number exists in this case. 
Since 2 8 | L, the 8-prime 257 divides m. Then including 257, we have m = (2 9 x + 1)
As there is no more 8-prime and 9-prime, no Carmichael number exists in this case.
16.2.2.5 Subsubsubcase 5: the 8-prime 257 When 257 | m, we have
is a Carmichael number since L = 2 8 · 3 2 divides m − 1. Otherwise, since 2 8 | L, the 8-prime 769 divides m, and m = (2 9 x + 1)
As there is no more 8-prime and 9-prime, no other Carmichael number exists in this case.
17 Case 2:
We consider the case k 1 = 4 in Case C. We have three cases to consider l 1 = s 1 = 1, 2, 3.
17.1 l 1 = s 1 = 1
Suppose that l 1 = s 1 = 1. Since s 1 is odd, we must have P = 3 by Lemma 3.1. So q 1 = 7 and r 1 = 19. There are two combinations of Type 1 primes: 17 · 257 and 17 · 65537 from Table 1 . In either case, we have 2
where u i is a prime of Type 2 or 3, or the product could be empty, and k 2 is either 4 or 16. By the minimality argument (Theorem 4.1), there must be a 2-prime: q 1 = 13 or r 2 = 37.
17.1.1 Subcase 1: the 2-prime 13
for both values of k 2 . Here we use the same convention of x as before: x is an odd number and 2 4 x + 1 is not a Carmichael number. Since 2 4 | L and there is no more 4-prime and n-pair with n < 4, no Carmichael number exists in this case.
Subcase 2: the 2-prime 37
Suppose that 37 | m. Then
By the minimality argument, there is a 3-prime: 73. So we have
for both values of k 2 . Since there is no 4-prime, no Carmichael number exists in this case.
17.2 l 1 = s 1 = 2
We now consider the case l 1 = s 1 = 2 in Case C. As l 1 is even, this implies that either P = 3 or P ≡ 1 (mod 3) by Lemma 3.1.
17.2.1 Case: P = 3
Suppose that P = 3. Then we have q 1 = 13 and r 1 = 37. Then Type 1 prime combinations are either 17 · 257 or 17 · 65537 from Table 1 . In either case, we have 2
where u i is a prime of Type 2 or 3, or the product could be empty. Here k 2 is either 4 or 16. Then we compute m = (2 4 x + 1)
for both values of k 2 . Here x is an odd number and 2 4 x + 1 is not a Carmichael number. Since 2 4 | L, the minimality argument (Theorem 4.1) implies that the product has either n-pair with n < 4 or 4-prime. Table 6 shows that this is not the case.
Case: P ≡ 1 (mod 3)
Let P ≡ 1 (mod 3). From Table 1 , we find primes P ≡ 1 (mod 3) with k 1 = 4 such that 2 2 P + 1 and 2 2 P 2 + 1 are both prime. See Table 9 . 
where u i is a Type 2 or 3 prime, or the product could be empty. Note that 2 8 | L.
By the minimality argument, there must be an n-pair with n < 5 or a 5-prime. However this is impossible from Table 3 where u i is a Type 2 or 3 prime, or the product could be empty. By the minimality argument, there must be 3-prime but since l i , s i are even as 13 ≡ 1 (mod 3), there is no 3-prime. No Carmichael number exists in this case.
17.3 l 1 = s 1 = 3
If l 1 = s 1 = 3, then P = 3 since s 1 is odd by Lemma 3.1. However, 2 3 · 3 + 1 = 5 2 is not a prime. Hence No Carmichael number exists in this case.
18 Case 3: k 1 = 8
We consider the case l 1 = s 1 < k 1 = 8. There are seven cases according to the value of l 1 = 1, 2, . . . , 7. Note that 257 · 65537 is the unique Type 1 combination with k 1 = 8.
18
.0.1 Subcase 1: l 1 = s 1 = 1 When l 1 = s 1 = 1, as s 1 is odd, we must have P = 3. Then q 1 = 7 and r 1 = 19. Let
where u i is a Type 2 or 3 prime, or the product could be empty. Note that 2 16 | L. By the minimality argument (Theorem 4.1) we must have a 2-prime. Then we have either q 2 = 13 or r 2 = 37. (See Table 6 .) 18.0.1.1 Subsubcase 1: q 2 = 13 When 13 | m, then we have
Since 2 16 | L, there is an n-pair with n < 6 or a 6-prime. We see from Table 6 that there is no such a pair and we have two 6-primes: 193 and 577. There is no n-pair with n < 9 and there is no 9 prime. Hence no Carmichael number exists in this case. Consider the case l 1 = s 1 = 2. As l 1 is even, P = 3 or P ≡ 1 (mod 3).
18.0.2.1 Subsubcase 1: When P = 3 When P = 3, we have q 1 = 13 and r 1 = 37. (There were no admissible pairs to consider.) Since there is no 13-prime, no Carmichael number exists in this case. (There were no admissible pairs to consider.) Since there is no 9-prime, no Carmichael number exists in this case.
18.0.2.2 Subsubcase 1: When P ≡ 1 (mod 3) Suppose that P ≡ 1 (mod 3). Then the only possible P are 7, 13, 241. However, as 2 2 · 241 + 1 = 5 · 193 is not prime, there are two cases: P = 7 and P = 13.
18.0.2.2.1 When P = 7 When P = 7, we have q 1 = 29 and r 1 = 197. Note that 2 16 | L. Then the minimality arguments (see Table 3 Since l 2 , s 2 are even, there is no 3-prime. Hence no Carmichael number exists in this case.
18.0.3 Subcase 3: l 1 = s 1 = 3
When l 1 = s 1 = 3, we have P = 3 by Lemma 6. But 2 3 · 3 + 1 = 5 2 is not prime. Hence no Carmichael number exists in this case. When l 1 = s 1 = 4, we have either P = 3 or P ≡ 1 (mod 3). As 2 4 · 3 + 1 = 7 2 is not prime, P = 3. There are three values for P ≡ 1 (mod 3) with k 1 = 8: P = 7, 13, 241. However, 2 4 · 7 2 + 1 = 5 · 157, 2 4 · 13 + 1 = 11 · 19 and 2 4 · 241 + 1 = 7 · 19 · 29 are not prime. Hence there is no possible P in this case.
18.0.5 Subcase 4: l 1 = s 1 = 5
Consider the case l 1 = s 1 = 5. As s 1 is odd, P = 3. However 2 5 · 3 + 1 = 17 2 is not prime. Hence we have no Carmichael number in this case.
18.0.6 Subcase 4: l 1 = s 1 = 6
Suppose l 1 = s 1 = 6. As l 1 is even, we have either P = 3 or P ≡ 1 (mod 3).
18.0.6.1 When P = 3 Suppose that P = 3. Then q 1 = 2 6 · 3 + 1 = 193 and r 1 = 2 6 · 3 2 + 1 = 577. There is no n-pair with 6 < n < 10 and there is no 10-prime (See Table 6 ). Hence no Carmichael number exists in this case by the minimality argument.
18.0.6.2 When P ≡ 1 (mod 3) Consider the case P ≡ 1 (mod 3). Then P = 7, 13, 241. However 2 6 · 13 + 1 = 7 2 · 17 and 2 6 · 241 + 1 = 5 2 · 617 are not prime. When P = 7, we have q 1 = 449 and r 1 = 3137. Then m = 257 · 65537 · 449 · 3137 i≥1 u i = (2 8 x + 1)
As there is no n-pair with 6 < n < 8 and 8-prime (see Table 3 ) , there is no Carmichael number in this case.
